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DETECTION - 2: Integration of M pulses
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Here we added reflections 
from several scatterers
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Reflections of a coherent pulse train from a coherent target
(Signal phasor angle  is fixed but unknown to the receiver)

No motion is assumed
(i.e., no Doppler)
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If the coherent reflection may contain  Doppler shift (causing 
the target phasor to rotate from pulse to pulse), then the 
summation of the coherent integration must involve an FFT 
(which compensates for many different phase rotation rates). 

Now we add reflections from several pulses
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Reflection of a coherent (or non-coherent) transmission 
from a non-coherent target

(variable and unknown signal phasor angle)

rPulse #1

Pulse #2

Pulse #M

Calls for non-coherent (video) integration 
after each pulse is envelope detected.
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Envelope detection of an individual pulse does not require 
synchronous detector. 
It can be implemented by a simpler circuit (e.g., a diode or 
diodes bridge). 

In this situation, if we perform coherent integration, the results 
may be much worse than the results of non-coherent integration.
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Synchronous detection 
and coherent integration

The unknown but fixed* 
phase difference between 
the reflected carrier and the 
reference carrier.
*when there is no Doppler.
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Coherent integration
(A is constant during the CPI 

and the signal phasor angle does not change)

The detector must be a coherent detector 

(e.g.,  I and Q  detector)

The target must be Swerling 0, 1 or 3

Pulse-Doppler radar can operate only on SW 0,1 or 3 targets. 

The fact that such radars are common place indicates that the 

targets belong to these SW cases. The most likely case is SW 1.
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Non-coherent integration
(unknown signal phasor angle)

The exact relation depends 
on if and how A fluctuates
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PFA=0.01

PD=0.9

SNR α M 0.64
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PFA=0.01

PD=0.9

SNR α M
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non-coherent integration 

100 pulses

Noise

Noise 

+ SW1 

signal
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coherent integration

100 pulses

Noise

Noise 

+ SW1 

signal
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Since the SNR gain due to coherent integration is so much better, 
is there any motivation to implement non-coherent integration?

Coherent integration:

• Requires the transmitted pulses to be coherent (pulse-to-pulse).

• Requires the target to maintain coherence during the CPI.

• Requires the receiver to maintain local oscillator stability and 
perform coherent processing, which is more complex.
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SNR version of the radar equation

(Will be demonstrated on a coherent pulse train, but true for all signals)
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10 samples 
per pulse

10 samples 
per pulse, 
2 per bit

Uncorrelated 
noise samples. 
IF BW > 1/ts
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22 transmitted pulses

20 reference pulses
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non-coherently 
integrated low 

noise

coherently 
integrated low 

noise
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Non-coherently 
integrated high 

noise

coherently 
integrated high 

noise
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Non-coherent integration of M pulses

First case: Swerling 2 fluctuating target, square-law detector

We start from detection of a single pulse from a fluctuating target 

(square-law detector)
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Rician distribution
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In SW1 or SW2 the signal intensity is drawn from a Rayleigh distribution:
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Because it is a single pulse, the correlation between pulses is of no 

concern, hence the single pulse result applies to both SW1 and SW2

This single-pulse result is also very important for coherent integration of 

M pulses, returning from a SW1 target !!!

In that case (if SNR is that of a single pulse): 1

1
D FA

M SNRP P 
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Rician distribution
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In SW3 or SW4 the signal intensity is drawn from the distribution: (Developed by Nitzan Raybi) 
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From the book “Integrals and Series”, Volume 2 by A. P. Prudnikov, Yu. A. Brychkov, O. I. Marichev, we will use the equation: 

Where           is the Confluent Hypergeometric function of the first kind. 
1 1F

We will simplify the equation from the book by setting: 0, 2 ,n n   

Where  Ln are Laguerre polynomials of order n. For our case we will set n=2 and get: 

We will now calculate PD assuming a threshold T : 
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See same result in Eq. 6.127 in “Basic Radar Analysis”, by Marvin C. Budge Jr. and Shaw R. German, Artech House, 2015

There are no similar results for  SW2 or SW4 targets. These targets 

fluctuate pulse-to pulse, not allowing coherent integration.

This result is also very important for coherent integration of M pulses, 

returning from a SW3 target !!!

In that case (if         is that of a single pulse):SNR
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This single-pulse result is also very important for coherent

integration of M pulses, returning from a SW1 target !!!

In that case (if SNR is that of a single pulse): 1

1
D FA

M SNRP P 

-13               -10                                -5                                   0                                   5                                10                  15

Single pulse average SNR [dB] when M =10 SW1 or SW3 pulses are integrated coherently

10*log10(10)=10
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M pulses,

SW2 fluctuating
(Video) Inegration = algebraic sum 
of M envelope values at each cell 
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M pulses,

SW2 fluctuating
PFA , PD and SNR

yT = Normalized threshold
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or use MATLAB instruction

 
TD D

T TD

y 0.5*chi2inv 1-P ,2*M

SNR =y /y -1

or

Victor Chernyak “On a closed form for the noncoherent gain factor”, IEEE TAES Vol. 48, No. 2, Apr 2012, pp. 1770-1771
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M pulses,

SW2 fluctuating
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% "noncoherent_integration_sw2.m"

% creates pd, pfa, snr curves

% written by Nadav Levanon on 17 April 2012

mm=10; % number of pulses integrated

pf=[1e-3 1e-5 1e-7];

pd=[0.0099 0.0307 0.0909 0.2403 0.5  0.7597 0.9091 0.9693 0.9901  0.9968 0.999];

pdscale=log(pd./(1-pd));

for q=1:3

pfa=pf(q);

yt=1/2*chi2inv(1-pfa,2*mm);

for p=1:11

pd1=pd(p);

ytd=1/2*chi2inv(1-pd1,2*mm);

snr(q,p)=yt/ytd-1;

end

end

snrdb=10*log10(snr);

figure(1), clf, hold off

plot(snrdb(1,:),pdscale, 'b', 'linewidth',1.5)

hold on 

plot(snrdb(2,:),pdscale, 'g', 'linewidth',1.5)

plot(snrdb(3,:),pdscale, 'r', 'linewidth',1.5)

axis([0 8 -4.61 6.91])

grid on

title(' SW 2,  noncoherent integration of 10 pulses, log10(Pfa)=-7,-5,-3 ')

xlabel(' SNR [dB]')

ylabel('Pd')

set(gca, 'YTickLabel',{'0.0099', '0.037', '0.0909' , '0.2403','0.5', '0.7597', '0.9091', '0.9693‘, … 

'0.9901' , '0.9968' ,'0.999'}, 'YTick', pdscale);
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M pulses, SW2 fluctuating, with

normalization
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if swerling==0

signal=A*ones(1,N);

end

if swerling==2

signal=raylrnd(Ao,1,N);

end

if swerling==1

signal=raylrnd(Ao,1,1)*ones(1,N);

end
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M pulses,

SW1 fluctuating
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Victor Chernyak’s equations

pd_sw2=1-chi2cdf(chi2inv(1-pfa,2*M)./(1+(10.^(0.1*snr))),2*M);     % SNR in dB, M = number of pulses

pd_sw1=((1+1./(M*(10.^(0.1*snr)))).^(M-1)).*exp(-((0.5*chi2inv(1-pfa,2*M))/(1+M*(10.^(0.1*snr)))));
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Victor Chernyak’s equations for non-coherent integration

pd_sw2=1-chi2cdf(chi2inv(1-pfa,2*M)./(1+(10.^(0.1*snr))),2*M);   % SNR in dB, M = number of pulses

pd_sw1=((1+1./(M*(10.^(0.1*snr)))).^(M-1)).*exp(-((0.5*chi2inv(1-pfa,2*M))./(1+M*(10.^(0.1*snr)))));

1

1
D FA coherent integration of SW1,   M SNRP P 
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Rayleigh noise envelope

integrated_noise_4.m



Nadav Levanon, Tel-Aviv UniversityRadar Principles - extended

58LECTURE J - integ SLIDE

Non-Rayleigh noise envelope

Gaussian fit



Nadav Levanon, Tel-Aviv UniversityRadar Principles - extended

59LECTURE J - integ SLIDE

From M.A. Richards, Georgia Tech
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If we choose k=N-H+1, then both integration schemes are identical

H

k=N – H +1
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The probability distribution function PK(z) of the K’th ordered sample, out 
of a total of N samples of i.i.d.  r.v. z whose probability distribution function 
is P(z), is:
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z

 TKD zPP 1

pk(z)
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Binary integration:

 1.5dB loss Vs. video integration

Immunity against strong interference (if K<N)

Simpler implementation

Optimal choice K  0.7 N  ,     (K=N-H+1  H 0.3 N +1)
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H

The cumulative probability PC of H “successes” in N trials, when 
the probability of a “success” in a single trial is p, is:

 1
N

N rr

C

r H

N
P p p

r





 
  

 


“Success” can be both false alarm or detection
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Detection 
probabilities 
zone

False alarm 
probabilities 
zone

 1
N

N rr

C

r H

N
P p p

r





 
  

 


In the detection probabilities 
zone, binary integration 
raises the probability of 
detection.

In the False alarm probabilities 
zone, binary integration 
lowers the probability of false 
alarm.
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NON-COHERENT INTEGRATION 

of

NON-FLUCTUATUAING TARGETS (Swerling 0)

Numerical calculations
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Albersheim’s Equation
• Empirical, easily computable approximation to the 

Swerling 0/5 case
– nonfluctuating target in white noise

– linear detector

– noncoherent integration

• Error in the estimate of SNR1 is claimed to be less 
than 0.2 dB (0.4 dB if used for square law) for
– 10-7  PFA  10-3

– 0.1  PD  0.9

– 1  N  8096
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Albersheim, W. J. “A closed form approximation to Robertson’s detection characteristics”, Proc. IEEE, July 1981, p.839
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       NNSNRNSNRNG 
dB1dB1dB 1

The gain achieved by non-coherent integration of 
N pulses from a non-fluctuating target (SW 0)
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Harry Urkowitz “A closed form for the noncoherent gain factor”, IEEE TAES Vol. 46, No. 2, Apr 2010, pp. 943-944
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Victor Chernyak’s equations for non-coherent integration

pd_sw2=1-chi2cdf(chi2inv(1-pfa,2*M)./(1+(10.^(0.1*snr))),2*M);   % SNR in dB, M = number of pulses

pd_sw1=((1+1./(M*(10.^(0.1*snr)))).^(M-1)).*exp(-((0.5*chi2inv(1-pfa,2*M))/(1+M*(10.^(0.1*snr)))));

1

1
D FA coherent integration of SW1,   M SNRP P 

4.5dB
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The number of video integrated pulses needed to reach a specific Pd (SW1 and SW2)

Victor Chernyak’s equations

pd_sw2=1-chi2cdf(chi2inv(1-pfa,2*M)./(1+(10.^(0.1*snr))),2*M); % single-pulse SNR in dB, M = number of pulses

pd_sw1=((1+1./(M*(10.^(0.1*snr)))).^(M-1)).*exp(-((0.5*chi2inv(1-pfa,2*M))/(1+M*(10.^(0.1*snr)))));


