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Radar Principles - extended

CW signals

CW signals  Low Probability of Intercept

CW Radar
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Radar Principles - extended

Definitions (According to P. E. Pace)

LPI – A low probability of intercept radar uses a special emitted waveform intended to 
prevent a non-cooperative intercept receiver from intercepting and detecting its emission.

LPID – A low probability of identification radar uses a special emitted waveform intended 
to prevent a non-cooperative intercept receiver from intercepting and detecting its 
emission but if intercepted, makes identification of the emitted waveform modulation and 
its parameters difficult.

Defining a radar to be LPI and/or LPID necessarily involves the definition of the 
corresponding intercept receiver.
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Radar Principles - extended

Transmitter LPI considerations:

• Low peak power  CW radar

• Wide bandwidth  Pulse compression (applicable also to CW)
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Radar Principles - extended

(From: William L. Melvin; James A. Scheer, Principles of Modern Radar: Volume 3: Radar Applications, 

Scitech publishing, 2014)
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5N62 “Square Pair” Guidance and Illumination FMCW Radar
Transmit power: 100 kW CW (!)

Frequency: 6-8GHz (C-band)

Modulation: phase coded CW

Reported detection range: 240 km (fighters) – 290 km (large aircrafts)

Transmitting antenna Receiving antenna

Dividing blade

(“Isolation knife”)
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Pengelley, R. “Philips’ Pilot, covert naval radar,” 

International Defense Review, pp. 1177-1178, Sept. 1988.

Doppler (velocity) resolution is not specified
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 SCOUT Waveform and Receiver Parameter Summary 

Range setting  2.4  6  24  nmi 

 (4.4) (11) (44) (km) 

FMCW waveform Sawtooth Sawtooth Sawtooth  

Frequency deviation, peak to peak 70 28 7 MHz 

Range resolution (at 6nmi) 2.4 6.0 24.0 m 

Modulation frequency 1 1 1 kHz 

FFT length 4,096 4,096 4,096 Points 
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10*log10(1/190)= -22.79  error

Should be: 20*log10(1/190)= -45.58
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CW signals

The reference must have an 

integer number of periods. 
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Radar Principles - extended

LFM  CW  RADAR

f

7.17 rTf

Transmit: Saw-toothed infinite periodic CW
Receiver ref: 12 periods (no amplitude weighting)
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Radar Principles - extended

In LFM-CW the delay response is not ideal 
(as in some phase-coded periodic CW waveforms)
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• Optimal receiver

– Matched filter + Doppler processor

• Stretch processing
(also termed “de-chirping” or “unramping” method)

Sub-optimal receiver with some limitations

– Stretch processing with non coherent inter-

period integration

– Coherent stretch processing receiver

LFM CW receiver processing methods
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Radar Principles - extended

Old approach
to LFM-CW

From a tutorial at RADAR 2008, Rome, by
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In this simplified approach ∆f is measured using FFT. The coherent processing 

interval (CPI) is shorter than one period. This will perform far less than optimal 
processing (matched filter), in the presence of noise and other targets.

Furthermore ….
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Radar Principles - extended

Delay and Doppler can be resolved, if enough periods (M) are 
processed coherently by a matched filter for M periods, as 

demonstrated by the response of such a matched filter (PAF).
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Radar Principles - extended
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Radar Principles - extended

The prevailing multi-target scene terminated the use of this approach !
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Beat between 
periods

Beat within 
same period

• Only the overlapping part from same period is of interest
• The overlap is decreasing with target range 
 Effective measurement length is decreasing with range
 Measurement accuracy of beat frequency is range dependent

0
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Radar Principles - extended

In bi-static radar scene CW-LFM looses it’s main advantage -
Simple stretch processing.

In practice, the reference chirp is the transmitted chirp.
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Stretch processing block diagram

From: Mahafza, B. R., Radar Signal Analysis and Processing Using MATLAB, CRC Press, 2009, Sec. 8.5
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Assuming the maximal expected range                  , the maximal expected frequency of the 
beat signal        is relatively small:

 ts
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Therefore, the analog to digital converter can use a sample rate much lower than the signal’s 
BW (Shannon-Nyquist sampling theorem).

Main advantage of stretch processing
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Considerations in designing the FFT
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 SCOUT Waveform and Receiver Parameter Summary 

Range setting  2.4  6  24  nmi 

 (4.4) (11) (44) (km) 

FMCW waveform Sawtooth Sawtooth Sawtooth  

Frequency deviation, peak to peak 70 28 7 MHz 

Range resolution (at 6nmi) 2.4 6.0 24.0 m 

Modulation frequency 1 1 1 kHz 

FFT length 4,096 4,096 4,096 Points 
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Claimed range resolution is worse than calculated due to:

• Actual processing length

• Pre-FFT weighting window (Hamming, Hann, Blackman…)
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Coherent processing of LFM-CW

     0 0 0'cos 2 Ds t a f t       

      0 0 0'cos 2 2D p D ps t a f t t f t         
 

          0 0 0'cos 2 1 2 1D p D ps t a f t m t m f t           
 

Beat signal 
of 1st frame

Beat signal 
of 2nd frame

Beat signal 
of mth frame

The phase of the beat signal is increasing between periods 
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Radar Principles - extended

Coherent processing of LFM-CW

  0peak    0 2 D ppeak f t  
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Radar Principles - extended

Coherent processing of LFM-CW
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Radar Principles - extended

Coherent processing of LFM-CW
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Coherent processing of LFM-CW
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Similarly to pulse Doppler processing:
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Summary of LFM-CW

AVAILABLE DWELL TIME

MAX RANGE

Trans.

Ref.

Trans.

Ref.

Low
PRF
1 sweep

High
PRF
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Radar Principles - extended

Low PRF
No weighting

Trans.

Ref.
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Low PRF
BlackmanHarris weighting

Coherent processing of a single period is 
simple but yields no Doppler resolution.
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Radar Principles - extended

High PRF
No weighting

Trans.

Ref.
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Radar Principles - extended

High PRF, BlackmanHarris 

intra-period weighting

Coherent processing of several periods yields 
Doppler resolution but is more complicated.
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Radar Principles - extended
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Radar Principles - extended

Triangular FM CW

Saw-tooth FM CW

High SL



Nadav Levanon, Tel-Aviv University

52LECTURE Q  SLIDE

Radar Principles - extended

High SL

Judging from the PAF, triangular FM CW is inferior to saw-tooth FM CW.

The effective delay 
periodicity is 2Tr

Triangular FM CW
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Radar Principles - extended

Periodic cross-ambiguity function (in dB) of CW LFM waveform. Inter-period Hamming weighted reference (to 

reduce Doppler sidelobes). Intra-period weighting (to reduce delay sidelobes).  (TBW=1000, 64 periods)

Recurrent peak 

height independent 

of code length.
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Lessons from the LFM-CW example
• The (periodic) ambiguity function predicts the expected delay-Doppler performances 
of a signal, when processed by a matched-filter. 

• A matched-filter is preferred over other processors in the presence of noise and 
other targets (which is almost always the case).

• Other processors may be simpler to implement, but their performances are likely to 
be poorer, and difficult to predict.

• In the LFM-CW example the “other processor” estimated (measured) the beat 

frequency ∆f between the transmitted and received signals.

• The coherent duration used for “measuring” the beat frequency was shorter than 
one modulation period (one saw tooth), which is too short to yield Doppler resolution.

• To overcome the problem of resolving Doppler and range, for several targets, 
simultaneously, the signal was made much more complicated, and the processing 
involved non-coherent processing steps, which entails SNR loss.

• LFM-CW using beat-frequency measurements is useful in cases of a single target 
with little or no Doppler shift (e.g., an aircraft radar altimeter). 

Another major issue in CW radar is the necessary isolation between transmitter 
and receiver:

• Use two different antennas

• Use circulator
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Phase coded CW signals
with good periodic autocorrelation function 

A relatively simple signal to transmit is a binary signal {±1}.

Of the binary signals only Barker 4 exhibits perfect PACF.

To get higher compression we have to compromise.

CW signals with ideal (or perfect) PACF

Perfect periodic autocorrelation function (PACF)

0 1 N

0
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IDEAL vs. PERFECT CORRELATION CODES

Ideal correlation: Perfect correlation:

-1
0

N

-1
0

N
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00

0

k

kN
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Prepared by: Itzik Cohen
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Perfect periodic cross-correlation       (Demo using “ON-OFF” Barker 7)

     1 2r = ifft fft .*conj ffts s

MATLAB script for periodic cross-correlation of two signals of the same length
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(Barker 3)
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 3 1 1 3 1 1 3 1

periodic autocorrelation

Ideal correlation
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 2 0 0 2 0 0 2 0

periodic cross-correlation

Perfect correlation

  0   0   0 

   0   0   0 

   0   0   0

   0   0  

 2 0 0 2 0 0 2 0

Perfect correlation

Switching the roles of 

signal and reference
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Phase coded CW waveforms

Polyphase-coded: Frank, Zadoff-Chu, P3, P4 (Lewis & Kretschmer), etc.
• Yield perfect PACF, but are more difficult to generate and process

Two-valued phase-coded (not binary): Golomb, Legendre

• Yield perfect PACF, but are slightly more difficult to generate and process

• Limited lengths

Binary, mismatched receiver: Ipatov  
• Ideal periodic cross correlation 
• Simple to transmit and relatively simple to process
• Entails small SNR loss
• Limited lengths

Binary, near ideal PACF
• Near sidelobes are small but not zero 
• Simple to transmit and process
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Radar Principles - extended

Periodic ambiguity function of 16 periods of P4 
19 element (no amplitude weighting)
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Radar Principles - extended

Transmitted: Periodic P4 (19 elements) ,   Reference: 16 periods, Hamming weighted
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Radar Principles - extended
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Radar Principles - extended

Maximum-length linear feedback sequences 
(m-sequences, pseudo-random sequences, shift-register sequences)
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Radar Principles - extended

  8.29311log20 10 

  8.17314log20 10 
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m-sequences:  conclusions

• Poor a-periodic autocorrelation (larger sidelobes than MPSL)

• Few available signals (only for lengths N=2n-1 )

• Non-perfect periodic autocorrelation (two-valued PACF of {-1,N})

Binary version (00,1800) not attractive for pulse and for CW radar
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Radar Principles - extended

Ideal correlation binary codes

(Legendre)

Prepared by: Itzik Cohen

N = 4k-3,  N is prime, k positive integer,  Legendre (3 phase)
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Radar Principles - extended

Ideal  perfect correlation codes

• Perfect periodic correlation (zero sidelobes)

 2-phase codes (Golomb 1992):

 Phase value:













 

1

1
cos 1

N

N


Prepared by: Itzik Cohen
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Existence of codes by length

0 500 1000 1500 2000 2500 3000 3500 4000

2
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5
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code length

#
 o

f 
p

h
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s

 

 Legendre

2 phase M-seq

twin primes

3 phase M-seq

5 phase M-seq

7 phase M-seq

Prepared by: Itzik Cohen
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MATLAB function for constructing a phase-coded periodic waveform of any odd-prime length, based on Legendre sequences.

function [ s ] = perfect_periodic_Legendre_waveform( N )

% Generates a periodic coded signal using 2 or 3 phases 

% The signal exhibits perfect periodic autocorrelation

% N is any odd prime

Nspt=sprintf('%g element phase-coded waveform ',N);

if isprime(N)==0

disp('Not a prime')

return

end

s=ones(1,N);

if rem((N+3)/4,1)==0

c=0.25*(N-1);

c1=2-1/c-1/(2*c^2);

c2=1-1/c-1/(4*c^2);

arg2=acos(-c1/2-sqrt((c1/2)^2-c2));

s(mod((1:N-1).^2,N)+1)=exp(1i*arg2);

s(1)=exp(1i*arg2/2);

else

arg3=acos(-(N-1)/(N+1));

s(mod((1:N-1).^2,N)+1)=exp(1i*arg3);

end

d=abs(ifft(fft(s).*conj(fft(s))));

figure, plot(d, 'k')

title(['Periodic autocorrelation of ' Nspt ]);

end

I. Cohen, R. Elster and N. Levanon: "Good practical continuous waveform for active bistatic radar", IET Radar 

Sonar Navigation., Vol. 10 (4), pp. 798-806, 2016. 
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Golomb,   N = 19

    2018acosexp,1,code  j
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Radar Principles - extended

Periodic ambiguity function of 16 periods of 
Golomb 19 (no amplitude weighting)
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M Phase shift D

2 90º {1}

3 120º {1 2}

4 180º {1 2 4}

7 138.6º {1 2 3 5}

11 146.4º {1 2 3 5 6 8}

15 151.0º {1 2 3 4 6 8 9 12} or {1 4 5 7 9 10 11 12}

19 154.2º {1 2 3 4 6 8 13 14 16 17}

23 156.4º {1 2 3 4 5 7 9 10 13 14 17 19}

31 159.6º {1 2 3 4 6 8 12 15 16 17 23 24 27 29 30}

35 160.8º {1 2 4 5 8 10 12 13 14 15 17 18 22 28 29 30 34}

43 162.7º {1 2 3 4 5 8 11 12 16 19 20 21 22 27 32 33 35 37 39 41 42}

63 165.6º
{1 2 3 4 5 7 8 9 10 13 14 15 17 19 20 25 27 28 29 33 34 36 37 39 42 46 49 50 53 55 57}

{1 2 3 4 5 6 7 9 10 11 13 17 18 19 21 24 25 28 30 33 34 35 37 41 44 46 47 49 54 55 59}

Golomb biphase sequences
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Longer list of Golomb codes of length 63

1     2     3     4     5     7     8     9    10    13    14    15    17    19    20    25    27    28    29    33    34  36    37    39    42    46    49    50    53    55    57

1     2     3     4     5     6     7     9    10    11    13    17    18    19    21    24    25    28    30    33    34  35    37    41    44    46    47    49    54    55    59

1     2     3     4     5     7    14    15    17    19    21    22    23    26    27    32    36    38    41    43    44  47    50    51    52    54    55    57    58    59    60

1     2     3     4     5    12    14    16    19    20    23    27    30    32    33    35    36    40    41    42    44  49    50    52    54    55    56    59    60    61    62

1     2     3     4     5    10    11    13    14    16    18    20    21    24    26    27    28    29    31    32    33  35    38    45    47    51    52    53    56    57    61

1     2     3     4     5     9    10    11    12    14    15    17    18    19    22    25    26    28    31    33    37  42    43    46    47    48    50    52    54    55    62

1     2     3     4     5     8    12    13    16    17    18    22    24    31    34    36    37    38    40    41    42  43    45    48    49    51    53    55    56    58    59
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Golomb bi-phase code 199 elements

nn=199; % code length

ll=99; lam=49;

arg=-(nn-2*ll+2*lam)/2/(ll-lam)

phase=acos(arg);

phase_deg=phase/pi*180;

a=exp(1i*phase);

code=ones(1,nn);

code([1   2     4     5     7     8     9    10    13    14    16    18 ...

20    23    25    26    28    29    31    32    33    35    36    40 ...

43    45    46    47    49    50    51    52    53    56    57    58 ...

61    62    63    64    65    66    70    72    79    80    81    86 ...

89    90    91    92    94    98   100   102   103   104   106   111 ...

112   114   115   116   117   121   122   123   124   125   126   128 ...

130   131   132   139   140   144   145   151   155   157   158   160 ...

161   162   165   169   172   175   177   178   180   182   184   187 ...

188   193   196  ])=a;
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Radar Principles - extended
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Radar Principles - extended
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Radar Principles - extended
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Radar Principles - extended
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Radar Principles - extended
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Radar Principles - extended
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Radar Principles - extended

Solomon W. Golomb, TAU, February 2012
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Radar Principles - extended

Ipatov,   N = 40

Binary transmitted signal {+1, -1}  ,  Two-valued reference signal {+1,  -1.8}

This can be considered a mismatched periodic reference (must be of identical length)
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Radar Principles - extended

Periodic Ipatov-40,   Reference signal = 8 periods, Hamming weighted
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Radar Principles - extended

Periodic Ipatov-40,   Reference signal = 8 periods, Hamming weighted
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Radar Principles - extended

Periodic Ipatov-40,   Ref. = 8 periods, Hamming weighted, Doppler compensated

rTdtd 2 
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Radar Principles - extended

#          sig           ref            pacf

1.00         -1.00         -2.00 1.00

2.00          1.00          3.00 -0.00

3.00          1.00          3.00         -0.00

4.00         -1.00         -2.00          0.00

5.00          1.00          3.00             0

6.00         -1.00         -2.00          0.00

7.00         -1.00         -2.00          0.00

8.00         -1.00         -2.00          0.00

9.00         -1.00         -2.00          0.00

10.00         -1.00         -2.00          0.00

11.00          1.00          3.00          0.00

12.00         -1.00         -2.00          0.00

13.00         -1.00         -2.00             0

#          sig           ref            pacf

1.00          1.00         11.00 1.00

2.00          1.00          5.00 -0.00

3.00         -1.00         -7.00 0.00

4.00         -1.00         -7.00             0

5.00         -1.00         -7.00          0.00

6.00         -1.00         -7.00         -0.00

7.00         -1.00         -7.00         -0.00

8.00          1.00          5.00         -0.00

9.00          1.00         11.00          0.00

10.00         -1.00         -7.00          0.00

11.00         -1.00         -7.00         -0.00

12.00         -1.00         -7.00             0

13.00         -1.00         -7.00             0

14.00          1.00          5.00          0.00

15.00         -1.00         -7.00          0.00

16.00         -1.00         -7.00         -0.00

17.00         -1.00         -7.00         -0.00

18.00          1.00         11.00             0

19.00         -1.00         -7.00         -0.00

20.00          1.00          5.00         -0.00

21.00         -1.00         -7.00         -0.00

22.00          1.00         11.00          0.00

23.00          1.00         11.00          0.00

24.00         -1.00         -7.00         -0.00

#          sig           ref            pacf

1.00         -1.00         -5.00 1.00

2.00          1.00          9.00 -0.00

3.00          1.00          9.00          0.00

4.00          1.00          9.00          0.00

5.00         -1.00         -5.00             0

6.00          1.00          9.00          0.00

7.00          1.00          9.00          0.00

8.00         -1.00         -5.00          0.00

9.00         -1.00         -5.00         -0.00

10.00          1.00          9.00          0.00

11.00         -1.00         -5.00          0.00

12.00         -1.00         -5.00          0.00

13.00         -1.00         -5.00          0.00

14.00         -1.00         -5.00          0.00

15.00          1.00          9.00          0.00

16.00          1.00          9.00         -0.00

17.00         -1.00         -5.00          0.00

18.00         -1.00         -5.00          0.00

19.00          1.00          9.00          0.00

20.00         -1.00         -5.00          0.00

21.00          1.00          9.00          0.00

22.00         -1.00         -5.00          0.00

23.00         -1.00         -5.00          0.00

24.00         -1.00         -5.00          0.00

25.00         -1.00         -5.00          0.00

26.00          1.00          9.00         -0.00

27.00         -1.00         -5.00          0.00

28.00          1.00          9.00          0.00

29.00         -1.00         -5.00         -0.00

30.00         -1.00         -5.00         -0.00

31.00         -1.00         -5.00          0.00

32.00         -1.00         -5.00          0.00

33.00         -1.00         -5.00          0.00

34.00         -1.00         -5.00          0.00

35.00         -1.00         -5.00         -0.00

36.00          1.00          9.00          0.00

37.00         -1.00         -5.00          0.00

38.00         -1.00         -5.00         -0.00

39.00         -1.00         -5.00          0.00

40.00         -1.00         -5.00          0.00

Ipatov sequences N = 13, 24, 40   (Loss = 0.17, 0.28, 0.37dB)
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Radar Principles - extended

#   sig   ref

1     1    17

2     1    32

3     1    17

4     1    17

5    -1   -28

6     1    17

7    -1   -28

8     1    17

9     1    17

10     1    17

11     1    32

12     1    17

13     1    17

14     1    17

15     1    17

16    -1   -28

17    -1   -28

18     1    17

19     1    17

20     1    32

21    -1   -28

22    -1   -28

23     1    17

24    -1   -28

25     1    17

26    -1   -28

27     1    17

28    -1   -28

29     1    32

30     1    17

31     1    17

#     sig  ref

32     1    17

33     1    17

34     1    17

35     1    17

36    -1   -28

37     1    17

38     1    32

39    -1   -28

40    -1   -28

41    -1   -28

42    -1   -28

43     1    17

44     1    17

45     1    17

46    -1   -28

47     1    32

48    -1   -28

49    -1   -28

50     1    17

51    -1   -28

52    -1   -28

53     1    17

54    -1   -28

55    -1   -28

56     1    32

57     1    17

58     1    17

59    -1   -28

60     1    17

61     1    17

62    -1   -28

63 -1   -28

#    sig   ref    

1    -1    -3

2     1     8

3     1     8

4    -1    -3

5    -1    -3

6     1     8

7    -1    -3

8    -1    -3

9    -1    -3

10    -1    -3

11    -1    -3

12    -1    -3

13    -1    -3

14    -1    -3

15    -1    -3

16     1     8

17    -1    -3

18     1     8

19    -1    -3

20    -1    -3

21 -1    -3

#    sig   ref 

1     1    43

2     1    65

3    -1   -23

4    -1   -23

5    -1   -23

6    -1   -23

7    -1   -23

8    -1   -23

9    -1   -23

10    -1   -23

11    -1   -23

12    -1   -23

13    -1   -23

14    -1   -23

15    -1   -23

16     1    65

17     1    43

18    -1   -23

19    -1   -23

20     1    43

21    -1   -23

22    -1   -23

23    -1   -23

24     1    43

25     1    43

26    -1   -23

27    -1   -23

28    -1   -23 

#    sig   ref 

29    -1   -23

30     1    65

31    -1   -23

32    -1   -23

33    -1   -23

34    -1   -23

35    -1   -23

36     1    43

37     1    43

38    -1   -23

39    -1   -23

40     1    43

41    -1   -23

42     1    43

43    -1   -23

44     1    65

45    -1   -23

46     1    43

47     1    43

48    -1   -23

49     1    43

50    -1   -23

51    -1   -23

52    -1   -23

53    -1   -23

54    -1   -23

55     1    43

56 -1   -23

Ipatov sequences N = 21, 56, 63  (Loss = 1.0, 0.69, 0.3 dB)
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Radar Principles - extended

1     0     0     0     0     0     1     1     1     1     0     1     1     1     0     0     1     1     0     0

0     1     0     1     1     0     0     0     1     0     0     0     0     0     1     0     1     0     0     0

0     0     1     0     0     1     0     0     0     0     0     0     1     1     0     1     0     1     0     0

0     0     0     0     0     0     0     1     0     0     0     0     0     0     0     1     1     1     0     0

1     1     0     1     0     1     0     0     0     0     0     0     1     0     1     1     0     0     0     1

0     1     0     0     0     0     0     1     1     0     0     0     1     0     0     1     0     0     1     0

0

Ipatov,   N = 121

Binary transmitted signal {+1, -1}  ,  Two-valued reference signal {+27,  -14}

Loss = 0.46 dB

#          sig           ref             

1.00          1.00          1.00           

2.00          1.00          1.00          

3.00          1.00          1.00          

4.00         -1.00         -2.00          

5.00          1.00          1.00          

Ipatov,   N = 5
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Radar Principles - extended

Valery Ipatov,  St. Petersburg State Electrotechnical University “LETI”,  October 2013
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Radar Principles - extended

Periodic cross-ambiguity function (in dB) of CW LFM waveform. Inter-period Hamming weighted reference (to 

reduce Doppler sidelobes). Intra-period weighting (to reduce delay sidelobes).  (TBW=1000, 64 periods)

Recurrent peak 

height independent 

of code length.
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Radar Principles - extended

Legendre two*-valued sequences Adrien Legendre

1752-1833

Legendre 5: 720 144 0 0 0 0 0 144 0

Any cyclic shift of the sequence also yields perfect periodic autocorrelation
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Radar Principles - extended

Periodic cross-ambiguity function (in dB) of CW bi-phase waveform, inter-period Hamming weighted reference 
(Legendre 1023 elements, 64 periods)

Recurrent peak 

height decreases 

with code length.
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Radar Principles - extended

Legendre 5: 720 144 0 0 0 0 0 144 0

#          sig           ref             

1.00          1.00          1.00           

2.00          1.00          1.00          

3.00          1.00          1.00          

4.00         -1.00         -2.00          

5.00          1.00          1.00          

Ipatov,   N = 5


